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E-mail address: fcetsj@eng.chula.ac.th (T. SenjuntiDrained or undrained cylindrical specimens under axisymmetric loading are commonly used in labora-
tory testing of soils and rocks. Poroelastic cylindrical elements are also encountered in applications
related to bioengineering and advanced materials. This paper presents an analytical solution for an axi-
symmetrically-loaded solid poroelastic cylinder of ﬁnite length with permeable (drained) or imperme-
able (undrained) hydraulic boundary conditions. The general solutions are derived by ﬁrst applying
Laplace transforms with respect to the time and then solving the resulting governing equations in terms
of Fourier–Bessel series, which involve trigonometric and hyperbolic functions with respect to the z-coor-
dinate and Bessel functions with respect to the r-coordinate. Several time-dependent boundary-value
problems are solved to demonstrate the application of the general solution to practical situations. Accu-
racy of the numerical solution is conﬁrmed by comparing with the existing solutions for the limiting
cases of a ﬁnite elastic cylinder and a poroelastic cylinder under plane strain conditions. Selected numer-
ical results are presented for different cylinder aspect ratios, loading and hydraulic boundary conditions
to demonstrate the key features of the coupled poroelastic response.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
Stress analysis of ﬁnite elastic cylinders has received consider-
able attention in the past due to its close relevance to geotechnical
and rock testing methods such as uni-axial and tri-axial compres-
sive tests, double-punch tests and point load strength tests, etc. In
addition, stress analysis of cylinders is also relevant to applications
involving biomedical and mechanical engineering. Lekhnitskii
(1963) and Vendhan and Archer (1978) presented the early analyt-
ical solutions for transversely isotropic elastic cylinders by using
the methods of stress functions and displacement functions
respectively. Later, Chau and Wei (2000) derived the general solu-
tion for an isotropic elastic solid cylinder of ﬁnite length subjected
to arbitrary surface loading based on two displacement functions.
Theoretical models of several engineering tests were also pre-
sented by Watanabe (1996), Wei et al. (1999), Chau and Wei
(2001) for isotropic cylinders and by Wei and Chau (2002) for
transversely isotropic materials.
Geological materials such as soils and rocks, and biological
materials are normally two-phase materials consisting of an elastic
solid skeleton with voids ﬁlled with ﬂuid (e.g., water). Such mate-
rials are commonly known as poroelastic materials. The theory of
poroelasticity has its origin in the one-dimensional theory of soilll rights reserved.
66 2251 7304.
chai).consolidation proposed by Terzaghi (1923). Biot (1941) developed
a general theory of 3-D consolidation by adopting Terzaghi’s con-
cepts. Biot’s theory is based on the classical theory of elasticity
and Darcy’s laws and takes into account the coupling between
the solid and ﬂuid stresses and strains. Rice and Cleary (1976)
reformulated Biot’s theory (1941) in terms of Skempton’s pore
pressure coefﬁcients (Skempton, 1954) and the undrained
Poisson’s ratio of the bulk material. A comprehensive review of
the development of the theory of poroelasticity is given by Detour-
nay and Cheng (1993).
Biot’s theory of poroelasticity has widely been applied to model
various problems encountered in soil engineering, rock mechanics,
biomedical engineering and energy resources exploration. For
examples, Abousleiman et al. (1996), Abousleiman and Cui
(1998) presented plane strain poroelastic solutions for inﬁnite cyl-
inders subjected to axial strain and conﬁning pressure. Cui and
Abousleiman (2001) developed a general solution based on the
generalized plane strain conditions for a poroelastic cylinder under
an axial load and conﬁning pressure, and examined the poroelastic
effects in rock samples under uni-axial and tri-axial testing condi-
tions. Kanj et al. (2003) presented plane strain solutions for a fully
saturated transversely isotropic hollow cylinder under various
loading conditions relevant to laboratory testing. Recently, Jourine
et al. (2004) proposed a general poroelastic solution for radially
symmetric plane strain problems to model laboratory testing of
thick-walled hollow cylinders with time-dependent boundary con-
ditions. The above studies assumed plane strain conditions, which
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Most soil/rock testing involves cylindrical specimens subjected to
axisymmetric loading and the stresses, pore pressure and ﬂuid
ﬂow do not reﬂect plane strain behavior due to cylinder end effects
and loading conditions. It is therefore important to examine the
poroelastic ﬁeld under practical test conditions using a 3-D model
that allows better understanding of laboratory results and inter-
pretation of material properties. However, a 3-D model for a ﬁnite
poroelastic cylinder has not appeared in the literature according to
our knowledge.
In this paper, a new analytical solution for a solid poroelastic
cylinder of ﬁnite length subjected to axisymmetric loading is
presented. Both fully permeable (drained) and impermeable (un-
drained) ﬂow boundary conditions are considered. The general
solutions are derived in the Laplace transform domain (with
respect to time) in terms of Fourier–Bessel series, which involve
trigonometric and hyperbolic functions with respect to the z-coor-
dinate and Bessel functions with respect to the r-coordinate. Time
domain solutions are obtained by using a numerical Laplace inver-
sion scheme. Selected numerical results are presented for different
axisymmetric loading, hydraulic boundary conditions, cylinder as-
pect ratios and material properties to understand the salient fea-
tures of the poroelastic ﬁeld of a cylinder and its relevance to
laboratory testing.
2. Basic equations and general solution
Consider a solid poroelastic cylinder of radius a and height 2h
subjected to axisymmetric loading as shown in Fig. 1. A cylindrical
polar coordinate system (r,h,z) is used with the z-axis parallel to
the axis of the cylinder. The governing equations given by Rice
and Cleary (1976) for a poroelastic material undergoing axisym-
metric deformations are
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In the above equations, ui denotes the displacement of solid matrix
in the i-direction (i = r,z); e is the dilatation of the solid matrix; l, m,Fig. 1. Finite poroelastic cylinder under axisymmetric loading.mu and j denote the shear modulus, drained and undrained
Poisson’s ratios, and the coefﬁcient of permeability of the cylinder
respectively; B is the Skempton’s pore pressure coefﬁcient
(Skempton, 1954); f denotes the variation of ﬂuid volume per unit
reference volume, deﬁned as f = wi,i, in which wi denotes the ﬂuid
displacement relative to the displacement of solid matrix in the
i-direction (i = r,z).
The constitutive relations can be expressed as:
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where rrr, rhh, rzz and rrz denote the total stress components of the
bulk material. Note that the tension positive sign convention for
stresses and strains is adopted here. In addition, p is the excess pore
ﬂuid pressure (suction is considered negative), which can be ex-
pressed in terms of dilatation and variation of ﬂuid volume as:
p
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The ﬂuid discharge in the i-direction (i = r,z) denoted by qi is given
by
qi ¼ j
@p
@i
ð10Þ
At this stage, it is convenient to nondimensionalize all quanti-
ties including the coordinates with respect to length and time by
selecting the radius of the cylinder ‘‘a” as a unit length and ‘‘a2/c”
as a unit of time respectively. All variables are replaced by the cor-
responding nondimensional variables but the previous notations
are used for convenience.
The Laplace transform of a function /(r,z, t) with respect to time
variable t and its inverse transform are given respectively by Sned-
don (1951)
~/ðr; z; sÞ ¼
Z 1
0
/ðr; z; tÞestdt ð11Þ
/ðr; z; tÞ ¼ 1
2pi
Z aþ1
ai1
~/ðr; z; sÞestds ð12Þ
where s is the Laplace transform parameter, the line Re(s) = a is to
the right of all singularities of ~/ and i ¼
ﬃﬃﬃﬃﬃﬃﬃ
1
p
.
It can be shown that the admissible general solutions of the ra-
dial and vertical displacements in the Laplace domain can be ex-
pressed as:
~urðr; z; sÞ ¼ ~ur0ðr; sÞ þ
X1
m¼1
~urmðz; sÞJ1ðkmrÞ þ
X1
n¼1
~urnðr; sÞ cosðnnzÞ ð13Þ
~uzðr; z; sÞ ¼ ~uz0ðz; sÞ þ
X1
m¼1
~uzmðz; sÞJ0ðkmrÞ þ
X1
n¼1
~uznðr; sÞ sinðnnzÞ ð14Þwhere km is the mth root of J1(km) = 0; nn = np/h; Jn is Bessel function
of the ﬁrst kind of order n (Watson, 1944). In addition,
~ur0; ~urm; ~urn; ~uz0; ~uzm and ~uzn expressed in terms the arbitrary func-
tions A0, B0, C0, D0, Am, Bn, Cm, Dn, Em and Gn (m,n = 1,2,3, . . . ,1) are
given in Appendix. In view of Eqs. (5)–(10), the general solutions of
stresses, excess pore pressure and ﬂuid discharge can also be ob-
tained in terms of those arbitrary functions. These general solutions
are given in Appendix.
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Consider a solid cylinder subjected to axisymmetric radial trac-
tion Fr(z, t) on the curved surface and axisymmetric vertical trac-
tion Fz(r, t) at the end surfaces as shown in Fig. 1. A linear
algebraic equation system can be established to determine the
arbitrary functions appearing in Eqs. (13) and (14) by applying
the appropriate boundary conditions on the cylinder surfaces.
There are three boundary conditions at the curved surface and
three at each end surface. The stress boundary conditions at the
curved surface can be expressed in the Laplace domain as:
~rrrð1; z; sÞ ¼ eFrðz; sÞ ð15Þ
~rrzð1; z; sÞ ¼ 0 ð16Þ
where eFrðz; sÞ is the Laplace transform of radial traction applied at
the curved surface. In addition, the hydraulic boundary condition
can be expressed either as:
~pð1; z; sÞ ¼ 0; for fully permeable surface ð17Þ
or ~qrð1; z; sÞ ¼ 0; for impermeable surface ð18Þ
The remaining three boundary conditions at each end surface can
be expressed as:
~rrzðr;h; sÞ ¼ 0 ð19Þ
~rzzðr;h; sÞ ¼ eFzðr; sÞ ð20ÞFig. 2. Comparison with existing s
Fig. 3. Comparison with existing solutions for porowhere eFzðr; sÞ is the Laplace transform of vertical traction applied at
the end surfaces. In addition,
~pðr;h; sÞ ¼ 0; for fully permeable surface ð21Þ
or ~qzðr;h; sÞ ¼ 0; for impermeable surfaces ð22Þ
The above boundary conditions given by Eqs. (15)–(22) are used
to determine all arbitrary functions appearing in the general solu-
tions. First, let us consider the boundary condition of applied radial
traction on the curved surface, i.e. Eq. (15). Expanding all functions
of z in ~rrrð1; z; sÞ and eF rðz; sÞ in terms of Fourier cosine series results
in the following equations,
~rrr00ðsÞ þ
X1
m¼1
~rð1Þrrm0ðsÞJ0ðkmÞ ¼ eFr0ðsÞ ð23Þ
~rrr0nðsÞ þ ~rrrnð1; sÞ þ
X1
m¼1
~rð1ÞrrmnðsÞJ0ðkmÞ ¼ eF rnðsÞ ð24Þ
where ~rrr0n; ~rð1Þrrmn and eFrn are the Fourier cosine coefﬁcients of func-
tions ~rrr0; ~rð1Þrrm and eFr respectively with respect to the basis func-
tion cos(nnz). In addition, the functions ~rrr0, ~rð1Þrrm and ~rrm are given
in Appendix. Similar procedure can be applied to the other two
equations, Eq. (16), and either Eq. (17) or (18). This constitutes an
equation system of order 3N + 2 for the boundary conditions at
the curved surface where N is the total number of terms used in
the Fourier cosine series expansion.
Next consider the boundary condition corresponding to applied
vertical traction at the end surfaces, Eq. (20). The expansion of allolutions for elastic cylinders.
elastic cylinders under plane strain condition.
Fig. 4. Poroelastic cylinder (B = 0.90, m = 0.20, mu = 0.40) subjected to axisymmetric
vertical loading for numerical results in Figs. 5–8.
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rier–Bessel series of order zero yields,
~rzz00ðsÞ þ
X1
n¼1
ð1Þn ~rzzn0ðsÞ ¼ eFz0ðsÞ ð25Þ
~rzz0mðsÞ þ ~rzzmðh; sÞ þ
X1
n¼1
ð1Þn ~rzznmðsÞ ¼ eFzmðsÞ ð26Þ
where ~rzz0m; ~rzznm and eFzm are the Fourier–Bessel coefﬁcients of the
functions ~rzz0; ~rzzn and eFz respectively with respect to the basisFig. 5. Time histories of (a) radial stress; (b) vertical stress; and (c) excefunction J0(kmr). In addition, the functions ~rzz0, ~rzzm and ~rzzn are gi-
ven in Appendix. By applying similar procedure to the other two
equations, Eq. (19) and either Eq. (21) or (22), an equation system
of order 3M + 2 can be obtained from the boundary conditions at
the end surfaces where M is the total number of terms used in
the Fourier–Bessel series expansion. Therefore, a linear equation
system of order (3M + 3N) + 4 is formulated from the boundary con-
ditions given by Eqs. (15)–(22) to solve for the arbitrary functions
A0, B0, C0, D0, Am, Bn, Cm, Dn, Em and Gn (m = 1,2, . . . ,M; n = 1,2, . . . ,N).4. Numerical results and discussion
The solution procedure described in the previous section is
implemented into a computer program to determine all arbitrary
functions appearing in the general solution of a poroelastic cylin-
der in the Laplace transform domain. Piessens (1975) conducted
a review of numerical Laplace inversion schemes and found that
the scheme proposed by Stehfest (1970) is very accurate for
time-dependent problems. In the past, Stehfest’s scheme has been
widely used in a variety of poroelastic problems. For example, the
plane strain solution of poroelastic cylinders (Cui and Abouslei-
man, 2001), interaction between an elastic circular plate and a
multi-layered poroelastic medium (Senjuntichai and Sapsathiarn,
2006) and cylindrical cavity in a thermoporoelastic medium (Bai
and Le, 2009) have been studied by using Stehfest’s scheme.
According to Stehfest (1970), time domain solution is given by
/ðtÞ  log 2
t
XNT
n¼1
an~/
n ln 2
t
 
ð27Þss pore pressure at the center of cylinder for different values of h/a.
350 W. Kaewjuea et al. / International Journal of Solids and Structures 48 (2011) 346–356where,
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In the above equations, ~/ denotes the Laplace transform of /(t) and
NT is even.
It is found that time domain solutions for axisymmetrically-
loaded poroelastic cylinders can be obtained accurately with
NTP 6. Similar behavior was also observed in previous poroelastic
problems (e.g., Senjuntichai and Sapsathiarn, 2006 and Bai and Le,
2009). The convergence and numerical stability of the present
solution scheme were investigated with respect to the total num-
ber of terms (M and N) used in the Fourier–Bessel series expansion.
The solutions are found to be stable and converged for M, NP 30.
The accuracy of present solution scheme is veriﬁed by compar-
ing with the existing solutions for both elastic and poroelastic solid
cylinders. Wei and Chau (2000) presented the stress distribution
within an isotropic elastic solid cylinder of diameter 2a and height
2h under a double-punch test, in which two rigid circular punches
of diameter 2b are applied at the top and bottom surfaces of the
cylinder. The boundary conditions for a solid cylinder subjected
to a double-punch test are given by,
rrrð1; zÞ ¼ 0; rrzð1; zÞ ¼ 0; rrzðr;hÞ ¼ 0 ð29Þ
rzzðr;hÞ ¼  P
2pb
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
b2  r2
p ; r < b otherwise rzzðr;hÞ ¼ 0; ð30Þ
where P is the magnitude of the applied point force.Fig. 6. Time histories of (a) radial displacement; (b) tangential stress; and (c) verticaFig. 2(a) shows a comparison of the ﬁnal solutions of non-
dimensional tangential and vertical stresses along the axis of the
cylinder from the present study with those given by Wei and Chau
(2000) for h/a = 1 and b/a = 0.1 for different Poisson’s ratios. Com-
parisons of tangential and vertical stresses along the cylinder axis
are also presented in Fig. 2(b) for different sizes of the punch, b/a,
with m = 0.1 and h/a = 1. Excellent agreement between the two
solutions is noted. Note that the ﬁnal solution is obtained from
the present scheme by setting ct/a2 = 105.
Cui and Abousleiman (2001) presented the plane strain solution
for a solid poroelastic cylinder capped by a pair of rigid plates at
both ends. The cylinder is subjected to a constant axial compres-
sive force, F(t) = F0H(t) where H(t) is the Heaviside step function,
with no conﬁning pressure. Comparisons between the present
solutions and solutions given by Cui and Abousleiman (2001) are
respectively shown in Fig. 3(a) for nondimensional radial stress
and pore pressure at the center of the cylinder and in Fig. 3(b)
for radial displacement, vertical and tangential stresses at the
boundary of the mid-plane. The material properties of Mexico Gulf
shale were used with l = 760 MPa; B = 0.90; m = 0.22; mu = 0.46 and
j = 5.00  1017 m4/Ns. Note that the average vertical stress used
in the normalization is deﬁned as r0 = F0/pa2. The plane strain
solution can be obtained from the present scheme by setting h/a
to a large value (h/a > 5.0). Comparisons in Figs. 3(a) and (b) indi-
cate very close agreement. The accuracy of the present solution
is thus conﬁrmed through independent comparisons correspond-
ing to two limiting cases (ideal elastic and plane strain poroelastic
cases).
Time-dependent behavior of solid cylinders shown in Fig. 4 is
investigated next. Fig. 4 shows a poroelastic cylinder (B = 0.90,
m = 0.20, mu = 0.40) subjected to constant vertical pressure at bothl stress at the boundary of the mid-plane of cylinder for different values of h/a.
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curved surface and fully permeable hydraulic boundary conditions
on all surfaces. Figs. 5(a)–(c) show time histories of non-dimen-
sional radial stress, vertical stress and pore pressure respectively
at the center of a cylinder (r/a = 0 and z/a = 0) for different aspect
ratios (h/a = 0.5,1.0,1.5,2.0 and 3.0) under the loading shown in
Fig. 4. Initially (ct/a2 < 105), radial stress at the center of cylinder
is nearly zero, then increases quite rapidly during the period
0.01 < ct/a2 < 0.1 to about 5–10% of the applied vertical pressureFig. 7. Proﬁles of (a) vertical displacement; (b) axial stress; (c) excess pore pressure;
Fig. 8. Proﬁles of tangential stress (a) along the length of thdepending on the aspect ratio (h/a) and thereafter diminishes very
rapidly becoming almost zero for ct/a2 > 10. The maximum radial
stress value decreases with increasing aspect ratio but becomes
independent of it for h/a > 2. Numerical results shown in Fig. 5(b)
indicate that the initial vertical stress is equal to the applied
pressure f0 irrespective of the aspect ratio (h/a). Thereafter, it
increases with time reaching its maximum value near ct/a2 = 0.1
before decreasing to f0 when ct/a2 > 1. Maximum vertical stress is
about 10% more than f0 for longer cylinders but less than 2%and (d) vertical discharge along the z-axis of cylinder for different ratios of h/a.
e cylinder (r/a = 1) and (b) at the mid-height (z/a = 0).
Fig. 9. Poroelastic cylinder (B = 0.90, m = 0.20, mu = 0.40) capped with rigid plates subjected to (a) conﬁning pressure and (b) vertical loading.
Fig. 10. Proﬁles of excess pore pressure along the z-axis of cylinder [Fig. 9(a)] for
different values of h/a.
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sure at the centre of cylinder shows [Fig. 5(c)] less dependence on
h/a compared to radial and vertical stresses, and the Mandel-Cryer
effect is observed in the pore pressure evolution. Initially (ct/
a2 < 104), pore pressure at the center is about 30% of the applied
vertical pressure irrespective of the aspect ratio and then slightly
increases with time to about 32–35% of the applied pressure. Pore
pressure dissipates very rapidly after reaching its peak value and
complete dissipation is observed for ct/a2 > 2.
Time-histories of non-dimensional radial displacement, tangen-
tial (hoop) stress and vertical stress at the boundary of the cylinder
mid-plane (r/a = 1 and z/a = 0) are presented in Figs. 6(a)–(c)
respectively for different aspect ratios. Radial displacement solu-
tions and comparison with the ideal elastic case show that the ini-
tial and ﬁnal normalized displacements are mainly controlled by
the magnitude of undrained and drained Poisson’s ratios respec-
tively. Similar behavior was observed earlier by Rajapakse and Sen-
juntichai (1993) for a surface-loaded poroelastic half space. The
initial value of the radial displacement is essentially independent
of the aspect ratio and is equal to mu/2(1 + mu) whereas the ﬁnal dis-
placement is given by the same expression with mu being replaced
by m. In all results shown in Fig. 6, the ﬁnal solutions are reached
when ct/a2 > 2. The inﬂuence of aspect ratio on the radial displace-
ment is negligible if h/a > 1.5. Time histories of tangential stress
[Fig. 6(b)] and vertical stress [Fig. 6(c)] also follow a trend that is
qualitatively similar to the radial displacement. A notable feature
in Fig. 6(b) is that tensile hoop stress is developed at the boundary
of the mid-plane of a cylinder. Tensile hoop stresses may cause
fracture and opening of pores, which could initiate cracks and fail-
ure. Most geomaterials have relatively small ultimate stress in ten-
sion and tensile tangential stresses could therefore initiate failure.
The solution for tangential stress of a long cylinder can be obtained
from the plane strain case given by Cui and Abousleiman (2001). It
can be shown that tangential stress at the outer boundary (r/a = 1)
of a long cylinder can be expressed in the Laplace domain as:
~rhhð1;0; sÞ
f0
¼ ðmu  mÞ 2s
1=2I1
ﬃﬃ
s
p  I0 ﬃﬃsp 	 

s ð1 mÞð1þ muÞI0
ﬃﬃ
s
p  4s1=2ðmu  mÞI1 ﬃﬃsp 	 
 ð31Þ
Tangential stress solutions shown in Fig. 6(b) indicate very close
agreement with the plane strain solution given by Eq. (31) when
h/a > 2. Initially, the maximum tensile stress is about 17% of f0
and it is independent of the aspect ratio. Non-zero tangential stress
is primarily due to the poroelastic effect as can be seen from Eq. (31)
because it vanishes when mu is equal to m. The ﬁnal solution (as well
as the ideal elastic solution) for tangential stress is zero when
ct/a2 > 2 for all aspect ratios. Vertical stress shown in Fig. 6(c) iscompressive throughout its evolution. Initially (ct/a2 < 105), verti-
cal stress at the boundary of the cylinder mid-plane is approxi-
mately 82% of the applied pressure f0 irrespective of the aspect
ratio. The ﬁnal value is equal to f0 and is attained when ct/a2 > 2
for the aspect ratios considered in this study. It is also noted that
vertical stress approaches the plain strain solution given by Cui
and Abousleiman (2001) when h/a > 2.
Figs. 7(a) and (b) show proﬁles of non-dimensional vertical dis-
placement and vertical stress along the z-axis respectively. Vertical
displacement is obviously zero at the center of the cylinder due to
symmetry consideration, and increases almost linearly along the
length reaching its maximum value at the cylinder ends. Average
vertical strain is almost independent of the aspect ratio and this
makes the displacement proﬁles along the length of each cylinder
nearly coinciding with each other in Fig. 7(a). A slight increase of
displacement (10%) with time is noted. As expected, non-dimen-
sional vertical stress shown in Fig. 7(b) is compressive at all times
and the maximum vertical stress is noted at the center of the cyl-
inder. The maximum stress shown in Fig. 7(b) is about 10% higher
than the corresponding elastic solution for cylinders with h/a = 1.5
and 3.0, whereas for a short cylinder (h/a = 0.5), it is about 2% high-
er than the elastic solution. The steady-state is reached when ct/
a2 > 10 except for a cylinder with h/a = 0.5, in which the ﬁnal solu-
tion is attained relatively quickly (ct/a2 > 1).
The proﬁles of non-dimensional pore pressure and ﬂuid dis-
charge in the vertical direction along the cylinder axis are pre-
sented in Figs. 7(c) and (d) respectively. Initially (ct/a2 < 102),
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applied vertical pressure except at the end surfaces where it is zero
due to the drained boundary condition. At ct/a2 = 0.1, the pore
pressure in a short cylinder (h/a = 0.5) decreases from the initial
value, whereas for long cylinders (h/a = 1.5 and 3.0), pore pressure
experiences a very small increase from the initial values except
near the cylinder ends due to the boundary condition. Pore
pressure is completely dissipated in all cases when ct/a2 > 10.
Numerical results of the ﬂuid discharge proﬁles in Fig. 7(d) indicate
that initially (ct/a2 = 102) the discharge is observed only near the
end surface due to the pore pressure gradient created at the ends
[Fig. 7(c)]. As the pore pressure gradient propagates inward into
the cylinder more discharge occurs along the length but the max-
imum discharge always occurs at the top and bottom ends. Fluid
discharge along the length becomes negligible when ct/a2 > 10.
Proﬁles of non-dimensional tangential stress on the outer sur-
face along the length (r/a = 1) and at the mid-height along the ra-
dial direction (z/a = 0) are shown in Figs. 8(a) and (b) respectively
for different times and aspect ratios. Numerical results in
Fig. 8(a) indicate that tangential stress remains tensile along the
cylinder wall. Initially, it is nearly constant within the middle of
the cylinder except for short cylinders but shows a drop near the
cylinder ends in all cases. Its magnitude decreases as time pro-
gresses and poroelastic effects dissipate. As expected, tangential
stress at the mid-plane approaches the plane strain solution of
Cui and Abousleiman (2001) in the case of long cylinders. The ﬁnal
solution is attained when ct/a2 > 10 for all cylinders. Fig. 8(b)
shows that tangential stress varies signiﬁcantly in the radial
direction at the mid-plane. It is generally compressive at earlyFig. 11. Time histories of (a) radial displacement; (b) tangential stress; (c) axial stress; an
different values of h/a.times (ct/a2 = 0.005) except in the vicinity of the cylinder wall.
The tensile stress region gradually expands with time and tangen-
tial stress at all points becomes negligible when ct/a2 > 10.
Uni-axial and tri-axial compression tests are commonly em-
ployed to determine the strength and stress–strain relationship
of soils and rocks. Unlike a uni-axial test, cylindrical specimens
subjected to tri-axial tests have lateral conﬁning pressure in addi-
tion to the vertical end load. Consider a poroelastic cylinder
(B = 0.90, m = 0.20 and mu = 0.40) capped with rigid plates at its both
ends subjected to conﬁning pressure (p0) at the initial state and
vertical loading applied to the ends after pore pressure due to con-
ﬁning pressure is totally dissipated. This problem can be consid-
ered as a theoretical model of a tri-axial compression test under
stroke control of a jacketed cylindrical specimen, which is covered
by a rubber membrane along the cylindrical surface, and the ﬂuid
is drained at its both ends. The vertical loading is applied such that
the vertical displacements at both cylinder ends are controlled at a
constant rate u0, i.e. uz(r, ±h, t) = u0t. The surface hydraulic bound-
ary conditions are permeable at the horizontal end surfaces and
impermeable along the curved surface. The test condition can be
separated into two states: the initial state from a pure conﬁning
pressure and the ﬁnal state of applied vertical loading. The total
solution for the poroelastic ﬁeld can be obtained by superposition
of the solutions for pure conﬁning pressure and pure applied ver-
tical loading.
Figs. 9(a) and (b) show the geometry of problems considered in
the initial and ﬁnal states respectively. The boundary conditions
for a cylinder subjected to pure conﬁning pressure in the initial
state [Fig. 9(a)] can be expressed as:d (d) excess pore pressure at the boundary of the mid-plane of cylinder [Fig. 9(b)] for
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at the curved surface andZ 1
0
2p~rzzðr;h; sÞdr ¼ pp0s ; ~rrzðr;h; sÞ ¼ 0;
~pðr;h; sÞ ¼ 0 ð33Þ
at the end surfaces.
The boundary conditions for the ﬁnal state of a cylinder sub-
jected to vertical loading under zero conﬁning pressure
[Fig. 9(b)] can be expressed as:
~rrrð1; z; sÞ ¼ 0; ~rrzð1; z; sÞ ¼ 0; ~qrð1; z; sÞ ¼ 0 ð34Þ
at the curved surface and
~uzðr;h; sÞ ¼ u0s2 ; ~rrzðr;h; sÞ ¼ 0; ~pðr;h; sÞ ¼ 0 ð35Þ
at the end surfaces.
The proﬁles of non-dimensional excess pore pressure along the
vertical axis of the cylinder due to conﬁning pressure are presented
in Fig. 10 for different times and aspect ratios. Excess pore pressure
is zero at the top surface due to the boundary condition and nearly
constant at the mid-plane of the cylinder for h/a > 1.5. It is non-
uniform for shorter cylinders with the maximum value observed
at the mid-plane of the cylinder. Initial excess pore pressure in
the middle of the cylinder is approximately 90% of the applied con-
ﬁning pressure for most cases. Note that the 1-D solution for the
excess pore pressure in the initial state can be obtained by solvingFig. 12. Proﬁles of (a) vertical displacement; (b) radial stress; (c) excess pore pressure; an
h/a.Eqs. (2) and (3) and it is also shown in Fig. 10. The 1-D solution can
be expressed in the Laplace domain as:
~pðz; sÞ
p0
¼ 1
s
Bð1 mÞð1þ muÞs1=2h coshð
ﬃﬃ
s
p
zÞ  coshð ﬃﬃsp hÞ	 

2ðmu  mÞ sinhð
ﬃﬃ
s
p
hÞ þ ð1 mÞð1þ muÞs1=2h coshð
ﬃﬃ
s
p
hÞ
 
ð36Þ
Comparison between the ﬁnite cylinder solution and the 1-D solu-
tion indicates that both solutions show similar trends with time and
vertical distance but the 1-D solution generally has lower pore pres-
sure. The difference between the two solutions reduces with
increasing h/a but shorter cylinders show substantial differences
at intermediate times.
Figs. 11(a)–(d) show time histories of non-dimensional radial
displacement, tangential stress, vertical stress and excess pore
pressure at the boundary of the mid-plane (r/a = 1 and z/a = 0)
respectively for the loading case deﬁned by Eqs. (34) and (35).
All solutions are negligible when ct/a2 < 0.01 due to the nature of
applied loading. Radial displacement rapidly increases with time
but no asymptotic solution is expected due to the fact that the ap-
plied vertical displacement at the ends linearly increases with
time. Radial displacement is higher for shorter cylinders as the ra-
dial strain is larger. Numerical results for tangential stress in
Fig. 11(b) indicate that it gradually increases as time progresses
until the ﬁnal value is reached when ct/a2 > 10. Tensile tangential
stress is noted at the boundary except in the case of short cylinder
(h/a = 0.5) where only compressive tangential stress is observed at
all time instants. This is due to the fact that the tangential stress
depends on radial displacement, dilatation (e) and pore pressured (d) vertical discharge along the z-axis of cylinder [Fig. 9(b)] for different values of
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that the volume reduction in a short cylinder (h/a < 1) is higher
than its lateral displacement resulting in compressive tangential
stress being observed. For cylinders with h/a > 1, the tensile tan-
gential stress at the boundary gradually increases as the cylinder
becomes longer before approaching the 1-D solution, which is
equal to zero, when h/a > 2. Note that the tangential stress under
this loading case is very small compared to vertical stress and pore
pressure, and it can be neglected for all practical purposes. Numer-
ical results presented in Fig. 11(c) show that the general trend of
vertical stress histories is similar to that observed for the radial dis-
placement histories in Fig. 11(a). Vertical stress rapidly increases
with time when ct/a2 > 1.0, and no ﬁnal asymptotic solution exists
as the vertical displacement continuously increases with time. It is
obviously compressive at all times and its magnitude decreases
with the aspect ratio. Time histories of pore pressure indicate that
pore pressure has a steady-state value in this case as the ends are
fully drained although the cylindrical boundary is impermeable
and applied displacement continues to increase. The steady-state
for pore pressure is reached quicker with decreasing the aspect ra-
tio as the ﬂuid has lesser distance to reach the drained ends.
Figs. 12(a)–(d) show the distribution of non-dimensional verti-
cal displacement, radial stress, pore pressure and vertical discharge
respectively along the z-axis for different times and aspect ratios.
All ﬁeld variables are zero at t = 0 due to the nature of the displace-
ment controlled loading. The vertical displacement proﬁles in
Fig. 12(a) show linear variation along the vertical axis from zero
at z/a = 0 to the maximum value at the cylinder ends. This behavior
is a consequence of the displacement-controlled loading. Radial
stress in Fig. 12(b) shows considerable time dependency and vari-
ation along the length in its evolution with both compressive and
tensile stresses existing along the length. In most cases, radial
stress near the ends is tensile but becomes compressive in the inte-
rior region. Compressive radial stress increases with decreasing as-
pect ratio whereas the opposite is true for maximum tensile radial
stress. Pore pressure proﬁles shown in Fig. 12(c) indicate that it in-
creases with increasing time and aspect ratio. Maximum pore pres-
sure is observed at the centre of the cylinder for all aspect ratios.
Fluid discharge in the vertical direction is always highest at the
ends as shown in Fig. 12(d) and is zero at the centre due to symme-
try consideration. The steady-state solution of the ﬂuid discharge
shows a linear variation along the vertical axis. It should be noted
that vertical stress along the z-axis is constant and can be ex-
pressed explicitly as a linear function of time of the form,
rzz(0,z, t) = 2l(1 + m)tu0/h.5. Conclusion
It is shown that coupled poroelastic governing equations for
axisymmetric deformations of a ﬁnite solid cylinder can be solved
analytically by employing Laplace transforms with respect to time
and Fourier–Bessel series expansions in the vertical and radial
directions respectively. Applicability of the general solution is
demonstrated by solving two boundary-value problems. Conver-
gence and stability of the series solution and the numerical Laplace
transform is conﬁrmed by excellent agreement between the pres-
ent solution and those in the literature for the limiting cases of an
ideal elastic ﬁnite cylinder and plane strain poroelastic cylinder.
Selected numerical results show complex 3-D behavior and end ef-
fects are signiﬁcant for cylinders with aspect ratio greater than
three. The material dependence of the initial and ﬁnal solutions
is primarily controlled by the undrained and drained Poisson’s
ratios respectively. Mandel–Cryer effect is also observed for the
present class of problems. Solutions for stroke-control tests showthat asymptotic solutions for tangential and radial stresses, and
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Appendix
The expressions for ~ur0; ~urm; ~urn; ~uz0; ~uzm and ~uzn in Eqs. (13)
and (14) are given by~ur0ðr; sÞ ¼ gs1=2B0I1ðb0rÞ þ D0r=2 ðA:1Þ
~urmðz; sÞ ¼ gkms1Am coshðcmzÞ þ k1m coshðkmzÞ
	
þa1z sinhðkmzÞCm  Em coshðkmzÞ ðA:2Þ
~urnðr; sÞ ¼ gbns1BnI1ðbnrÞ  a1rI0ðnnrÞ½
2a2n1n I1ðnnrÞ


Dn  GnI1ðnnrÞ ðA:3Þ
~uz0ðz; sÞ ¼ gs1=2A0 sinhðc0zÞ þ C0z ðA:4Þ
~uzmðz; sÞ ¼ gcms1Am sinhðcmzÞ þ a1k1m sinhðkmzÞ
	
a1z coshðkmzÞCm þ Em sinhðkmzÞ ðA:5Þ
~uznðr; sÞ ¼ gnns1BnI0ðbnrÞ þ a1rDnI1ðnnrÞ þ GnI0ðnnrÞ ðA:6Þwhere cm ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
k2m þ s
q
; bn ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n2n þ s
q
; a1 ¼ 1=2ð1 2muÞ; a2 ¼
ð1 muÞ=ð1 2muÞ; and In is the modiﬁed Bessel function of the ﬁrst
kind of order n (Watson, 1944). In addition, the general solutions of
stresses, pore ﬂuid pressure and ﬂuid discharge in Laplace domain
can be expressed as follows:~rrrðr; z; sÞ
2l
¼ ~rrr0ðr; z; sÞ þ
X1
m¼1
~rð1Þrrmðz; sÞJ0ðkmrÞ
þ
X1
m¼1
~rð2Þrrmðz; sÞr1J1ðkmrÞ þ
X1
n¼1
~rrrnðr; sÞ cosðnnzÞ ðA:7Þ
~rzzðr; z; sÞ
2l ¼ ~rzz0ðr; z; sÞ þ
X1
m¼1
~rzzmðz; sÞJ0ðkmrÞ
þ
X1
n¼1
~rzznðr; sÞ cosðnnzÞ ðA:8Þ
~rhhðr; z; sÞ
2l ¼ ~rhh0ðr; z; sÞ þ
X1
m¼1
~rð1Þhhmðz; sÞJ0ðkmrÞ
þ
X1
m¼1
~rð2Þhhmðz; sÞr1J1ðkmrÞ þ
X1
n¼1
~rhhnðr; sÞ cosðnnzÞ ðA:9Þ
~rrzðr; z; sÞ
2l
¼
X1
m¼1
~rrzmðz; sÞJ1ðkmrÞ þ
X1
n¼1
~rrznðr; sÞ sinðnnzÞ ðA:10Þ
~pðr; z; sÞ
2l ¼ ~p0ðr; z; sÞ þ
X1
m¼1
~pmðz; sÞJ0ðkmrÞ þ
X1
n¼1
~pnðr; sÞ cosðnnzÞ ðA:11Þ
~qrðr; z; sÞ
2l
¼ ~qr0ðr; zÞ þ
X1
m¼1
~qrmðz; sÞJ1ðkmrÞ þ
X1
n¼1
~qrnðr; sÞ cosðnnzÞ ðA:12Þ
~qzðr; z; sÞ
2l ¼ ~qz0ðr; z; sÞ þ
X1
m¼1
~qzmðz; sÞJ0ðkmrÞ þ
X1
n¼1
~qznðr; sÞ sinðnnzÞ
ðA:13Þ
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~rrr0ðr; z; sÞ ¼ gA0 coshð
ﬃﬃ
s
p
zÞ  gs1=2r1B0I1ð
ﬃﬃ
s
p
rÞ
þ a3C0 þ a1D0 ðA:14Þ
~rð1Þrrmðz; sÞ ¼ gc2ms1Am coshðcmzÞ þ a2 coshðkmzÞ½
þa1kmz sinhðkmzÞCm  kmEm coshðkmzÞ ðA:15Þ
~rð2Þrrmðz; sÞ ¼ gkms1Am coshðcmzÞ  k1m coshðkmzÞ
	
þa1z sinhðkmzÞCm þ Em coshðkmzÞ ðA:16Þ
~rrrnðr; sÞ ¼ gs1 n2nI0ðbnrÞ  bnr1I1ðbnrÞ
	 

Bn
þ ða1 þ a2ÞI0ðnnrÞ  a1nnr þ 2a2n1n r1
	 

I1ðnnrÞ
 
Dn
 nnI0ðnnrÞ  r1I1ðnnrÞ
	 

Gn ðA:17Þ
~rzz0ðr; z; sÞ ¼ gB0I0ð
ﬃﬃ
s
p
rÞ þ a2C0 þ a3D0 ðA:18Þ
~rzzmðz; sÞ ¼ gk2ms1Am coshðcmzÞ þ a3 coshðkmzÞ½
a1kmz sinhðkmzÞCm þ kmEm coshðkmzÞ ðA:19Þ
~rzznðr; sÞ ¼ gb2ns1BnI0ðbnrÞ þ a3I0ðnnrÞ þ a1nnrI1ðnnrÞ½ Dn
þ nnGnI0ðnnrÞ ðA:20Þ
~rhh0ðr; z; sÞ ¼ gA0 coshð
ﬃﬃ
s
p
zÞ  gB0 I0ð
ﬃﬃ
s
p
rÞ  s1=2r1I1ð
ﬃﬃ
s
p
rÞ	 

þ a3C0 þ a1D0 ðA:21Þ
~rð1Þhhmðz; sÞ ¼ gAm coshðcmzÞ þ a3Cm coshðkmzÞ ðA:22Þ
~rð2Þhhmðz; sÞ ¼ gkms1Am coshðcmzÞ þ k1m coshðkmzÞ
	
þa1z sinhðkmzÞCm  Em coshðkmzÞ ðA:23Þ
~rhhnðr; sÞ ¼ g I0ðbnrÞ  bns1r1I1ðbnrÞ
	 

Bn  I0ðnnrÞ=2½
2a2n1n r1I1ðnnrÞ


Dn  r1GnI1ðnnrÞ ðA:24Þ
~rrzmðz; sÞ ¼ gcmkms1Am sinhðcmzÞ þ sinhðkmzÞ=2½
þa1kmz coshðkmzÞCm  kmEm sinhðkmzÞ ðA:25Þ
~rrznðr; sÞ ¼ gnnbns1BnI1ðbnrÞ þ a1nnrI0ðnnrÞ½
a2I1ðnnrÞDn þ nnGnI1ðnnrÞ ðA:26Þ
~p0ðr; z; sÞ ¼ a4g A0 coshð
ﬃﬃ
s
p
zÞ þ B0I0ð
ﬃﬃ
s
p
rÞ	 
 a2g C0 þ D0½  ðA:27Þ
~pmðz; sÞ ¼ g a4Am coshðcmzÞ  a2Cm coshðkmzÞ½  ðA:28Þ
~pnðr; sÞ ¼ a4gBnI0ðbnrÞ  a2gDnI0ðnnrÞ ðA:29Þ
~qr0ðr; z; sÞ ¼ ja4g
ﬃﬃ
s
p
B0I1ð
ﬃﬃ
s
p
rÞ ðA:30Þ
~qrmðz; sÞ ¼ jg a4Am coshðcmzÞ  a2Cm coshðkmzÞ½  ðA:31Þ
~qrnðr; sÞ ¼ j a4gbnBnI1ðbnrÞ  a2gnnDnI1ðnnrÞ½  ðA:32Þ
~qz0ðr; z; sÞ ¼ ja4g
ﬃﬃ
s
p
A0 sinhð
ﬃﬃ
s
p
zÞ ðA:33Þ
~qzmðz; sÞ ¼ jg a4cmAm sinhðcmzÞ  a2kmCm sinhðkmzÞ½  ðA:34Þ
~qznðr; sÞ ¼ jnn a4gBnI0ðbnrÞ  a2gDnI0ðnnrÞ½  ðA:35Þ
and a3 = mu/(1  2mu); a4 = B(1  m)(1 + mu)/3(mu  m)References
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